We present here the rst experimental study of Wigner islands formed by electrons oating over helium. Electrons are trapped electrostatically in a mesoscopic structure covered with a helium lm, behaving as a quantum dot. By removing electrons one by one, we are able to nd the addition spectrum, i.e. the energy required to add (or extract) one electron from the trap with occupation number N . Experimental addition spectra are compared with Monte Carlo simulations for the actual trap geometry, conrming the ordered state of electrons over helium in the island.
I. INTRODUCTION
Electrons collect on a two-dimensional sheet when they are spread over the surface of a liquid helium lm. This is due to the attractive charge which appears by polarisation of the helium. Due to the weakness of the image charge, electrons sit in the vacuum far away from the surface and move freely at a xed distance over the lm. As such, they constitute a very clean and predictable system. When temperature is reduced, kinetic energy decreases relative to Coulomb energy; correlations begin to dominate the electronic structure. Wigner predicted in 1934 that a phase transition would take place in the innitely extended system, leading to the formation of a twodimensional (2D) electron lattice. 1 Wigner crystallisation into a triangular lattice of electrons over helium has been observed rst by Grimes and Adams. 2, 3 This phase transition takes place below a transition temperature that is a function of electronic density. For the innite system in the classical limit, 4 in which particles can be treated individually and which is mostly appropriate for electrons over helium, the transition occurs when the ratio Γ of the average Coulomb interaction energy E C to the thermal energy k B T becomes greater than 137. In the quantum case, eventually reached at low enough temperatures, the Wigner solid is predicted to form when the Brueckner parameter r s , the interelectron distance normalised by the Bohr radius, a B , becomes smaller than 37. Recently, somewhat more complex phases and ordering transitions have been predicted around that r s threshold. 5, 6 An assembly of rectilinear vortices provides another example of Wigner lattice formation. Also, electrons in semiconductor heterostructures localised by an applied magnetic eld undergo a magnetically induced Wigner transition. 12 They form a wellstudied and well-understood system, the quantum dot, which has been the object of extensive research for the past two decades. 13 A. Conned electron structures
When conning 2D-electrons to a restricted planar area, the breaking of translation invariance brings in important changes with respect to the innite geometry case, in particular because thermodynamic phase transitions are suppressed by uctuations. This problem of 2D ordering in restricted geometries has been extensively studied theoretically, mostly for parabolic traps with Coulomb interaction between the electrons, rst in the limit where electrons behave as classical particles, 8, 14, 15, 16 , next in the computationally more demanding quantum case. 17, 18, 19, 20 Finite-size eects become prevalent for N 100. Such is the case in the work described below. New features appear that depend on the competition between the triangular lattice, which takes over for suciently large systems, and the shape and strength of the conning potential, which tends to suppress it. For hard conning walls and a at trap bottom, it is predicted that the ordering is mostly aected close to the boundaries, electrons in the interior of the 2D island retaining the triangular lattice structure. For traps with a parabolic conning potential, the particles arrange themselves in circular shells with widths small compared to the radius of the shell. Thus, even with very few electrons, ordered structures can appear, the Wigner molecules.
The direct observation of such structures in restricted geometry has been achieved only for systems of macroscopic charged particles, 21 and for vortices in superconductors 22 and superuid helium. 23, 24 For electrons over helium, nite islands of electrons can now be realised 25 Somewhat surprisingly, these more radially stable congurations turn out to be even more stable than the homogeneous Wigner crystal itself, which melts in the classical limit for temperatures above that set by Γ ∞ = 137.
For the full quantum case, the critical melting density for the homogeneous system is set by the value of the Brueckner parameter r s ≡ r 0 /a B = 37. The Brueckner parameter can be extended to nite systems by taking the denition of r 0 in an electron cluster given above, which yields r s = 1/n 2 . All boundary lines in Fig.1 17 However, these ndings seem to be an artifact of the computational scheme and are not conrmed in subsequent work. 6, 30, 31 It thus does appear, as shown in Detailed studies of the ordered conguration of these few-body clusters have been performed, mostly by numerical simulations, both for systems of vortices in rotating helium and superconducting disks, 7, 8, 32 and in quantum dots by a number of authors, notably Peeters et al. 14, 15, 33 in the classical limit, to whose work we compare our own simulations in Sec.IV below.
Visual The MC-MD structure would comprise three shells, one electron at the centre, 5 and 10 on the two other shells.
The MC approach has been reexamined by Kong et al. 36 in order to resolve this discrepancy. These authors paid careful attention to the metastable states and the saddle paths between them. They conrm the ndings of earlier work with the same computational technique (see also Kong et al. 37 ). Noting that the energy dierence between the true ground state for N = 9 and 16 -in their calculation -and the closest metastable state -observed as ground state by Saint-Jean et al. 21 is quite small, these authors suggest that either the experimental situation diers from the one described by the simulation, or the observed conguration gets consistently stuck in the metastable state. The precise cause for the discrepancy is not really uncovered yet although there are hints that electron structures are quite sensitive to the exact shape of the potential: a departure from a parabolic connement potential going as V ∼ r n with n = 2 to one with n = 2.2 is enough to alter the computed structures and restore agreement with experiment. 36, 38 We shall thus consider that MC calculations carried out with the actual conning potential do lead to results in agreement with experiments. 
E(N ) being the ground state energy of the cluster with N electrons. Once this last quantity has been determined numerically, the values of the experimentally more accessible quantity ∆ 2 (N ) are known. A study of the details of this spectrum thus gives a map of the N -electron cluster ground state energies and provides clues about the occurrence of ordering in the Wigner island.
As it became appreciated that addition spectra provide experimentally accessible signatures of the onset for the formation of shells in Wigner molecules, 39 detailed theoretical predictions for various connement potentials appeared in the literature (see the reviews by Kouvenhoven et al. 40 or Reimann and Manninen 20 , and, for more recent work, notably Ghosal et al. 6 and Güçlü et al. 41 ).
In the weakly-interacting case, when the last term of the right hand side of Eq. (1) gives a negligible contribution, the quantity ∆ 2 (N ) remains small as shells simply ll in and µ(N + 1) µ(N ). When adding one electron gets a new shell started, for N = 3, 6, 10, 15, . . ., the addition energy shows spikes that reveal the shell structure of the 2D harmonic connement potential.
As the connement potential decreases with respect to the Coulomb interaction contribution, i.e, as the electron density n diminishes, the Wigner triangular lattice structure eventually forces its imprint on the electron cluster.
A new addition energy signature appears with peaks at N = 3, 7, 11, 13, . . .. 41 The crossover occurs around n = r As emphasised by Ghosal et al. 6 the transition is smooth; addition spectra are expected to change gradually from shell formations to full spatial ordering. The phase diagram in Fig.1 shows dierent thresholds for the onset of order as revealed by the study of pair correlations. 18 It however exhibits the same qualitative trend in the ordering sequence of the electron islands, which can be studied by measuring the addition spectra.
Our goal in the work reported here is a comparison between the addition spectra observed in the trap for electrons over helium used experimentally and the outcome of numerical simulations that we have performed using the known geometry of the trap. This trap is described in Sec.II, the experimental procedure in Sec.III, the obtained spectra in Sec.IV, and the numerical simulations in Sec.V.
II. THE ELECTRON TRAP
The trap used in the present work to conne electrons to a 2D island is simple compared to other traps used for charged particles, which are usually closed by radiofrequency elds. Here, the electron motion is restricted along a plane, on the one side, by the free surface of liquid helium that presents an energy barrier of ∼ 1 eV to the electron, on the other side, by the image charge in the uid bulk that provides electrostatic attraction. externally to press the electron on the surface and tune both its height and energy.
If unconned laterally, the electron moves freely over the surface of bulk helium. Its mobility is the highest of all condensed matter systems. 46 The transverse motion of the electron can be restricted by a system of electrodes located below the helium surface. The micro-fabricated device used in the present work is shown in Fig.2 and is described in full detail in Ref. [47] .
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III. EXPERIMENTAL PROCEDURE
A. Electron seeding and monitoring.
We seed the electrons on the helium surface by igniting a corona discharge in a small chamber separated from the rest of the cell by a metallic grid with mesh of a few tens of microns. Before the discharge, the cell is heated to a temperature ∼1.1 K at which the vapour pressure becomes high enough. A high vapour pressure is required both to ignite the discharge and to thermalise the electrons so that their energy is lower than the energy barrier of 1 eV needed to penetrate into the liquid. The discharge is ignited by applying ∼ -500 volts to a wire terminated in the middle of the discharge chamber. The typical discharge current is ∼0.1-0.2 µA. The presence of electrons is easily detected by applying U exc ∼100 µvolt 
The rst sum is over all the conductors in the system with capacitance to the island C i and potential U i . The second sum runs on the charges induced on the island by free charges in the system, such as charges or dipoles in the substrate and other electrons over helium.
Voltage V S (q I ) across the SET is a periodic function of charge q I with period e, the electron charge. However, it also depends on the bias current and the electronic conguration in the cell, and varies from run to run. We determine the functional dependence of V S (q I ) on q I experimentally by sweeping the potential U e of one of the electrodes, usually the one that is swept in subsequent measurements. We then select a portion of the sweep during which the background charge distribution did not change so that several cycles of the function V (q I ) = V (U e ) can be superimposed by transforming U e modulo P , where P is an appropriately chosen period. After the modulo transformation the selected piece of data is averaged and interpolated by a smoothing spline function spl (U e ).
The rest of the data is t piecewise with the function
A spl (U e + qP ), where the amplitude A and the phase q are tting parameters. The amplitude has to be taken as a free tting parameter because the experimentally observed V (U e ) varies somewhat in amplitude with U e .
The phase q is the charge, expressed as a fraction of e, induced on the SET island by free charges in the system.
The expected value is easy to nd from the reciprocity principle: it is equal to that induced at the location of an electron when the SET island is biased with unit potential and all the other conductors in the system are grounded. We have calculated this potential numerically, using the actual 3D geometry of the trap inferred from SEM photographs, to obtain a value for the charge q of 0.5 e.
To reduce the noise due to uctuations of the dc voltage across the SET we apply a low-frequency (80-150 Hz) modulation with amplitude ∼ 100 µvolts to the guard electrode. The amplitude of the detected signal is proportional to the derivative of the periodic function V S (q I ).
C. Trapping electrons
After electrons are seeded, we let the system cool down We have tried loading the trap in a controlled manner,
i.e. with a given number of electrons, but found that the electrons usually enter in large, unpredictable bunches, even when the potentials of the reservoir electrodes are swept slowly. This is contrary to the results reported by
Glasson et al. 49 The reason for this dierence is unclear.
After the trap is charged, we start sweeping the poten- Referring to the traces in Fig.4 , the SET detects a sudden change in the charge at V res ∼0.48 volt. Since the SET measures charge modulo e, we cannot determine directly the absolute value of the total charge but we know that the trap ooded with electrons has started to empty.
In this initial phase, electrons leave the trap in such a way that individual escapes cannot be resolved. But, as V res is raised further and the barrier height decreases, These results are similar to the results obtained at the Royal Holloway in London. 49 The main dierence lies in signicantly better dened steps, which are both higher and longer in the present work. This is due to better coupling with the pyramidal SET, compared to atisland SET used in London, and to the smaller size of the trap, leading to stronger repulsion between the electrons.
The positions of the steps are more stable in our experiments as well, as seen in the inset of Fig.4 , and amenable to precise quantitative analysis.
IV. EXPERIMENTAL ADDITION SPECTRA
In the following, we shift our attention from SET-phase variation signals to addition spectra, which are inherently Error bars represent the uncertainty on the t parameters.
Empty and lled squares, and circles are experimental data for dierent runs and fall nearly on top of one another. 
V. MONTE-CARLO SIMULATIONS
In order to interpret the details of these experimental results, we have carried out Monte Carlo simulations of the addition spectra that correspond to the precise shape of the conning potential well in the experimental trap.
These MC simulations are based on the procedure described by Bedanov and Peeters. 14 In the low density limit, which is the regime attained here, the electrons occupy a small fraction only of the total area of the trap.
They are (mostly) distinguishable and can be treated as classical particles. This simplication is also made by Peeters et al.
Our trap is not parabolic but its prole can be determined by nite elements calculation based on the known geometry (see Fig.3 ). Indoing so, we have attempted to Ref. [14] and the more recent results of Kong et al. 36 The small systematic dierence of ∼ 0.75 % seen in Fig.10 may be due to the discretisation of the connement potential. We believe that it does not aect the global results and that our simulation does nd the true ground 
where V (r i ) is the electrostatic energy, obtained by anite elements calculation, r i the i-th electron coordinate, and e the electron charge. The second term represents the Coulomb energy between electrons. The bulk part of the energy comes from the trapping; only around 10 % of the total energy in Eq. (4) is due to the Coulomb interaction.
An electron leaves the trap when its energy overcomes the conning potential δ, which is the energy dierence between the minimum and the energy at the barrier (see Fig.3 ). That is, a given conguration is stable as long as the average energy per electron remains lower than the conning potential:
This assumes that electrons have identical energies.
We rst compute the evolution of the conning potential δ in terms of the potential applied to the reservoir. A recurrent feature of the observed spectra is a peak for N = 6 followed by a trough for N = 7. Referring to the work of Güçlü et al. 41 , this indicates that electrons order in shells and not on a triangular lattice, which would give a peak at N = 7. The corresponding trap frequency is ∼ 60 GHz and the electronic density n 0.017. These observations correspond to the phase diagram shown in As a rule, the experimental addition energies are found smaller than the calculated ones, especially for low occupation number. This observation probably means that the Wigner island is in an excited conguration. Its energy is higher than that of the ground state; a lesser decrease of the barrier is required to extract one electron.
On the contrary, higher values than the calculated ones remain unexplained (e.g., N = 5 in Fig.8 ). The extraneous source of noise energy that seems to be present in the experiment possibly comes from the tight coupling with the SET. We have evidence that the SET backaction aects the temperature of the electrons in the island in a way that depends on the SET bias current, either heating or cooling with respect to the bath temperature.
This eect is under study. duced. Due to the extremely high mobility of electrons over helium, it is quite likely that the electronic conguration is also extremely unsteady.
VI. CONCLUSION
We have studied the connement of a small number 
